We construct noncommutative versions of instanton bundles of arbitrary charges.
Introduction
The goal of this paper is to construct noncommutative analogues of the classical instanton vector bundles of arbitrary charge [At] associated to the Hopf fibration SU(2) → S 7 → S 4 (1.1)
In Connes' framework for noncommutative geometry the concept of a noncommutative vector bundle is well understood: by the Serre-Swan theorem, these correspond to finitely-generated projective modules over a C*-algebra representing the underlying noncommutative space. The concept of a noncommutative principal bundle is less well-established, although recently there have been substantial developments of the latter both concerning its clarification and the construction of interesting examples. In this paper we present a construction of finitely-generated projective modules over a C*-algebra corresponding to a noncommutative 4-sphere, which reduce to classical instanton bundles of arbitrary charge in the commutative situation. The problem of giving a corresponding noncommutative analogue of (1.1), in particular finding a noncommutative 7-sphere equipped with an appropriate action of quantum SU(2), will be treated elsewhere.
Recall that classically the Hopf fibration (1.1) with winding number n ∈ Z can be described as follows. Consider S 4 as the one-point compactification of R 4 , with the open covering U 0 = { x = (x 0 , x 1 , x 2 , x 3 ) : ||x|| < 1 + ε }, U 1 = { x : ||x|| > 1 − ε } for some ε > 0. Then U 01 := U 0 ∩U 1 ∼ = S 3 ×(1−ε, 1+ε). We identify S 3 = { x = (x 0 , x 1 , x 2 , x 3 ) : ||x|| = 1 } with SU(2) via the map x → x 0 I 2 + 3 i=1 x i σ i where the σ i ∈ M 2 (C) are the standard Pauli matrices. Any transition function U 01 → U 01 defines a continuous map from S 3 to SU(2), hence these are classified by π 3 (S 3 ) ∼ = Z. The transition function θ (n) corresponding to winding number n ∈ Z is
Various quantum deformations of (1.1) with structure group SU(2) replaced by Woronowicz's quantum group SU q (2) [Wo87] exist in the literature. The earliest example known to us is the sheaf-theoretic construction of Pflaum [Pfl] , although the coaction of the structure group is not self-evident therein. Two relevant constructions of quantum 4-spheres, given by C*-algebras denoted C(S 4 θ ) and C(S 4 q ) were found in [CL01, DLM] . The second of these is a suspension of SU q (2), viewed as a quantum 3-sphere (the first being a suspension of the Matsumoto quantum 3-sphere [Mat] ), and coincides with the quantum 4-sphere B which we use in this paper. Based on this work, quantum versions of (1.1) were given in [LPR] obtained from the q-deformed symplectic group with SU q (2) as structure group, and in [LvS] using 'theta deformations', the structure group being undeformed SU(2). We also mention the coalgebra Galois extension based on quantum coisotropic subgroups given in [BCT, BCDT] .
A summary of this paper is as follows. We denote by H = O(SU q (2)) the Hopf *-algebra underlying SU q (2), and by H = C(SU q (2)) the C*-algebraic completion of H. In Section 2 we give a C*-algebra B corresponding to a noncommutative 4-sphere. By construction B is a fibre product B 0 × H B 1 , and can be viewed as a glueing of two noncommutative 3-balls B 0 , B 1 over their common boundary H. In fact B is isomorphic to the C*-algebra C(S 4 q ) constructed in [DLM] (see also [Pfl] ) as a suspension of H. When the parameter q is taken to be 1, then B is commutative and isomorphic to C(S 4 ), the C*-algebra of continuous functions on the ordinary 4-sphere S 4 . The K-groups of B coincide with those of S 4 , namely K 0 (B) ∼ = Z 2 , K 1 (B) = 0. One generator of K 0 (B) is given by [1] , the equivalence class of the unit. The main result of this paper is to give an explicit construction of a family of projections {p n } n∈Z ⊆ M 4 (B), which first of all correspond to powers of a second generator of K 0 (B), and secondly are noncommutative analogues of the projections describing classical instanton bundles (1.2). This is achieved in Section 3, as follows. The 6-term cyclic Mayer-Vietoris sequence for K-theory of a fibre product gives an injective map ∂ :
. An explicit description of ∂ was given by Bass [Ba] and Milnor [Mi] . Using this, given a generator of K 1 (H) (which is known by [MNW90] to be isomorphic to Z), we can construct a second generator of K 0 (B). We show, by pairing with an appropriate odd Fredholm module, that K 1 (H) is generated by the unitary
The projections p n are related to
We give an explicit formula. For each n ∈ Z, the finitely-generated projective left B-module B 4 p n is a noncommutative analogue of the classical instanton vector bundle (1.2) with winding number −n. Finally we show that the Chern character pairing of [p n ] ∈ K 0 (B) with a suitable even Fredholm module over B is also equal to −n.
Similar constructions of projections were given in [CL01] and [DLM] , the former for the quantum 4-sphere C(S 4 θ ). Both correspond to the case of winding number -1. The novelty of our construction is that it provides instanton bundles of arbitrary charges.
Our use of the phrase "noncommutative instanton" to describe certain projections in matrix algebras over noncommutative 4-spheres follows the lead of [CL01] . To fully justify its useage, one should next find a noncommutative analogue of the Yang-Mills action with critical points given by connections with (anti) selfdual curvature. This is a topic for further research.
Noncommutative 4-sphere
Throughout this paper we work over the complex numbers as ground field. We denote the coproduct of a Hopf algebra H using the Sweedler notation ∆(h) = h (1) ⊗ h (2) . Here and elsewhere "⊗" denotes the algebraic tensor product (over C). We say that a Hopf algebra H is a Hopf *-algebra if there exists an antilinear involution * : H → H such that
Recall that H = O(SU q (2)), the Hopf * -algebra underlying Woronowicz's quantum SU(2) [Wo87] , is the unital *-algebra generated by α, β, with relations:
H becomes a Hopf *-algebra when equipped with the coproduct, counit and antipode
Let H = C(SU q (2)) be the C*-algebraic completion of O(SU q (2)), namely the universal C*-algebra generated by indeterminates α, β satisfying the relations (2.3). For q = 1, C(SU q ( 2)) is isomorphic to the commutative unital C*-algebra of continuous functions on the 3-sphere.
A noncommutative 4-sphere
We now define a C*-algebra B corresponding to the "base space" over which our noncommutative instanton bundles are defined.
Let A be a (unital) C*-algebra, and X a compact Hausdorff space.
Definition 2.1. Denote by C(X, A) the C*-algebra of continuous functions f : X → A, with pointwise addition and multiplication, and *-structure and norm given by
From now on we take
Definition 2.3. We define C*-algebras
Let r i : B → B i (i = 0, 1) be the obvious restriction maps, and π i :
).
It is immediate that:
Lemma 2.4. B is a C*-algebra fiber product B 0 × B 01 B 1 , as encoded in the pullback diagram:
We note that B is isomorphic to the C*-algebra C(S 4 q ) found in [DLM] (see also [Pfl] ).
K-theory of the noncommutative 4-sphere
Applying the Mayer-Vietoris theorem for K-theory of (σ-unital, nuclear) C*-algebras ( [Bla] , Theorem 21.5.1) to the fiber product B = B 0 × H B 1 gives the exact sequence: 
Proof. Using Lemma 2.5, the cyclic sequence (2.7) reduces to the exact sequence
and [U] (defined in Lemma 2.7) for i = 0, 1 respectively, it follows that the map
is surjective, and further K 0 (B) ∼ = Z 2 , with one generator given by [1] , where 1 is the constant function 1(t) = 1. Giving an explicit description of a second generator of K 0 (B) is the subject of Section 3. 2 2.4 K-theory of quantum SU (2)
As shown in [MNW90] , both K-groups of the C*-algebra H = C(SU q (2)) are isomorphic to Z. The generator of K 0 (H) is given by [1] . A result we need in the sequel is:
To show U generates K 1 (H) we pair with the odd Fredholm module z 1 given in [MNW90] , which is defined as follows. Consider the Hilbert space ℓ 2 (N) ⊗ ℓ 2 (Z), with basis {e m,n }. This carries a faithful representation π of H given by π(α)e m,n = λ m e m−1,n , π(α * )e m,n = λ m+1 e m+1,n , λ m = (1 − q 2m )
1/2 π(β)e m,n = q m e m,n+1 , π(β * )e m,n = q m e m,n−1
Define F e m,n = sign(n)e m,n . Then
To show U is nontrivial, we compute the Chern character pairing < [U], ch odd (z 1 ) >. Combining the formulae for the Chern character ch odd : KK 1 (H, C) → HC odd (H ∞ ) and the pairing < ., . > between K-theory and periodic cyclic cohomology given in [Co94] , p224 and p296 gives:
Using the formulae
Hence from (2.8) we have
In [MNW90] it was shown that K 1 (H) is generated by [V ] , where V = βe(0) + (1 − e(0)) ∈ H is a unitary defined in terms of the spectral projection e(0) of β * β onto {0}. Concretely, e(0)e m,n = δ m,0 e m,n , hence V e m,n = e 0,n+1 : m = 0 e m,n : m = 0 . It follows from (2.8) that
We thank G. Landi for pointing out to us that the same result was obtained in [DLSVvS2] , by computing the index pairing of U with the 3-summable spectral triple found in [DLSVvS1] .
3 Noncommutative instantons of arbitrary charge
The Mayer-Vietoris map on K-theory
Following Bass [Ba] and Milnor [Mi] , we give an explicit description of the boundary map ∂ : K 1 (B 01 ) → K 0 (B) in the Mayer-Vietoris sequence (2.7) associated to a general fiber product of algebras of the form (2.6). This construction defines a map on algebraic K-theory, but it equally well applies to the C*-algebra setting (see e.g. [GH04] ). Throughout this Section we assume that the maps π i : B i → B 01 are surjective.
Given a (unital) ring homomorphism f : R → S, and a left R-module E, define f * E to be the left S-module S ⊗ R E. Then there is a canonical R-linear map f * : E → f * E defined by f * (e) = 1 ⊗ R e. It is straightforward to show that, if E is free over R, with basis {x α }, then f * E is free over S, with basis {x α := f * (x α ) = 1 ⊗ Rxα }.
The following is a special case of [Mi] , Theorems 2.1-2.3, although the formula for the idempotent p is not given there.
Theorem 3.2. Suppose that E 0 and E 1 are free over B 0 , B 1 and both of rank N. Then E is finitely generated projective over B. Explicitly, E ∼ = B 2N p, where p ∈ M 2N (B) is given by
Proof. For clarity we give a self-contained proof. Suppose that
, with bases {x α } 1≤α≤N , {ŷ β } 1≤β≤N respectively, and corresponding bases {x α := π 0 * (x α )}, {y β := π 1 * (ŷ β )} for π 0 * E 0 , π 1 * E 1 , which are both isomorphic to B N 01 . The isomorphism h : π 0 * E 0 ∼ = π 1 * E 1 is defined by h(x α ) = a αβ y β , for some invertible a = (a αβ ) ∈ M N (B 01 ). Fix a lifting c of a under π 1 , i.e. a matrix c = (c αβ ) ∈ M N (B 1 ), such that π 1 (c αβ ) = a αβ for all α, β.
It is then straightforward to check that {ẑ α } 1≤α≤N span E and are linearly independent, i.e. E is free, E ∼ = B N with basis {ẑ α }.
Case 2. Suppose that c is not invertible. Fix a lifting
, with bases {û α }, {v β }. As before π 0 * F 0 , π 1 * F 1 are both isomorphic to B N 01 , with bases {u α }, {v β }. Define g :
which lifts to
hence Case 1 applies. We have bases
) is a direct summand of a free module and hence projective.
So we have a projection and inclusion
We need to find the matrix p ∈ M 2N (B) corresponding to i • π with regard to the basis {(x α ,ŷ
We show this corresponds to the matrix
We have
Now,
, which agrees with (3.10). In exactly the same way it can be checked that p(û β ,v
The Mayer-Vietoris boundary map ∂ : K 1 (B 01 ) → K 0 (B) can now be described explicitly [Ba, Mi] . Given an invertible matrix V ∈ M N (B 01 ) representing an element of K 0 (B 01 ), take E i := B N i for i = 0, 1, then V defines an isomorphism π 0 * E 0 ∼ = π 1 * E 1 , both of which are isomorphic to B N 01 . Then E = M(E 0 , E 1 , V ) is finitely generated projective, E ∼ = B 2N p, where p ∈ M 2N (B) is the corresponding projection defined by (3.9). Then
, where I N is the rank N identity matrix.
Instanton projections of arbitrary charge
The unitary U ∈ M 2 (H) defined in Lemma 2.7 generates
Definition 3.3. For each n ∈ Z, let p n ∈ M 4 (B) be the projection corresponding to U n defined by (3.9) . We will refer to p n as the "instanton projection of charge −n". Theorem 3.4. For each n ∈ Z, the projection p n ∈ M 4 (B) is explicitly given by
where α, β ∈ B are defined by:
So for n ≥ 0, U n lifts to c n , and U −n lifts to d n . Note that for 0 ≤ t ≤ The result then follows from (3.9). 2
Dual to the Mayer-Vietoris six-term cyclic sequence on K-theory (2.7) is a cyclic sequence on K-homology ( [Bla] Theorem 21.5.1): (the Fredholm modules generating K j (H) were given in [MNW90] ). Hence δ : K 0 (B) → K 1 (H) is surjective. By Lemma 2.7, we have that K 1 (H) is generated by [U], and K 1 (H) generated by the equivalence class of the Fredholm module z 1 . Now, [U] ∈ KK 1 (C, H), z 1 ∈ KK 1 (H, C), and the pairing < [U], ch odd (z 1 ) > is given by the Kasparov product [U]⊗ H z 1 ∈ KK 0 (C, C) ∼ = Z.
It follows from [Bla, Scho] that the Mayer-Vietoris boundary maps ∂ and δ are dual, in the sense that, for any w 0 ∈ K 0 (B) such that δ(w 0 ) = z 1 ∈ K 1 (H), then
, ch odd (z 1 ) >= −n thus justifying the terminology "instanton projection of charge −n".
